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Mechanics Sector 1: Vectors and RUVAT 
 
Scalar – quantity that is defined by magnitude only 
Vector – quantity that is defined by a scalar magnitude and a direction. 
 

Scalar Vector 

Distance Displacement 

Speed Velocity 

Time Acceleration 

Mass Force 

 
 

A movement from 𝐴 to 𝐵 may be represented by the vector 𝐴𝐵⃗⃗⃗⃗  ⃗. The magnitude is 
given by the length and the direction by the arrow. Vector can also be written as 
using single letter in bold, 𝒂 (you would write this as 𝑎). 
 

We can represent the vector 𝐴𝐵⃗⃗⃗⃗  ⃗ as a column vector.  
 
 

 
 

𝐴𝐵⃗⃗⃗⃗  ⃗ = [
4
2
]  

 
 
 

 
 
3D Vectors 
 
We can also represent vectors in three dimensions relative to a three 

dimensional coordinate grid. A third axis, the 𝑧-axis, is added at right angles to 
the 𝑥𝑦-plane.  Conventionally, we show the 𝑧-axis pointing vertically upwards 
with the 𝑥𝑦-plane horizontal.  
 
 
 
 
 
 
 

We can represent the vector 𝑂𝑃⃗⃗⃗⃗  ⃗ as a column vector.   
 
 
 
 

𝑂𝑃⃗⃗⃗⃗  ⃗ = [
4
2
7
] 

 
 
 
 
  

𝐴 

𝐵 

𝐴 

𝐵 
This tells us the number of units moved in the 𝑥-direction 

This tells us the number of units moved in the 𝑦-direction 

This tells us the number of units moved in the 𝑥-direction 

This tells us the number of units moved in the 𝑧-direction 

This tells us the number of units moved in the 𝑦-direction 
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Adding, Subtracting and Multiplying Vectors 
 
We can add and subtract vectors with same number of components by adding or 

subtracting the respective components. For example, when 𝐚 = [
4
3
] and 𝐛 = [

2
−7

] 

then +𝐛 = [
4
3
] + [

2
−7

] = [
6

−4
] , this can be represented geometrically. 

 
 
When you multiply a vector by a scalar quantity, 𝑡, you multiply each of the components 

by 𝑡.  
 

For example, when 𝐚 = [
4
3
] then the vector 2𝐚 = [

8
6
], the vector 2𝐚 is in the same 

direction (parallel) as 𝐚 but twice as long. 
 
 
The vector 𝐚 and the vector – 𝐚 have the same length (magnitude) but have the 
opposite direction. We would say that the vectors are anti-parallel. 
 
Example 1 
 

Given that 𝐚 = [
6
2

−1
] and 𝐛 = [

0
−5
−2

], find 

a) 𝐚 − 𝐛 
 

 

 
b) 𝟐𝐚 + 3𝐛 

 
 

 
c) 𝐛 − 3𝐚 

 

 
 

Example 2 
 
Identify which of the following vectors are parallel: 

a) 𝐚 = [
5
2

−3
] and 𝐛 = [

60
24

−36
] 

 
 

b) 𝐜 = [
2

−4
6

] and 𝐝 = [
−1
−2
3

],  

 
 
Example 3 
 

Given that the vectors 𝐚 and 𝐛 are parallel find the values of 𝑥 and 𝑦. 

𝐚 = [
2
1

−7
] and 𝐛 = [

6
𝑥
𝑦
] 

 
 
 
  

𝐚 

𝐛 

𝐚 + 𝐛 

𝐚 

𝟐𝐚 

𝐚 

−𝐚 
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Base Unit Vectors 
 
A unit vector is a vector that has a magnitude of 1 (see later). 
The most important unit vectors are those running parallel to the 𝑥, 𝑦 and 𝑧 axes called base unit vectors.  

𝐢 gives the number of units moved in the 𝑥 direction, 𝐣 gives the number of units moved in the 𝑦 direction 
and 𝐤 gives the number of units moved in the 𝑧 direction. 
 
 
In two dimensions, the base unit vectors are 𝐢 and 𝐣 

𝐢 = [
1
0
]       𝐣 = [

0
1
] 

 
In three dimensions the base unit vectors are 

𝐢 = [
1
0
0
]      𝐣 =  [

0
1
0
]      𝐤 = [

0
0
1
] 

 

For example, the vector [
4
5
] can be written as 4𝐢 + 5𝐣 and the vector [

6
1

−2
] can be written as  

6𝐢 + 𝐣 − 2𝐤. 
 
Example 4  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Example 5 
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Example 6 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
Example 7 

 

 
 
 
 
 
 
 
 
 
 
 
Example 8 (harder) 
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𝐚 

Magnitude of a Vector 
 
The magnitude (or modulus) of a vector is given by the length of the line segment representing it. The 

magnitude of a vector is written as |𝐴𝐵⃗⃗⃗⃗  ⃗| or |𝐚|. 

 

We can calculate this using Pythagoras’ Theorem for the vector where 𝐴𝐵⃗⃗⃗⃗  ⃗ = [
3
5
] 

 

|𝐴𝐵⃗⃗⃗⃗  ⃗|= 

 
 
 
 

In two dimensions, the magnitude of the vector [
𝑎
𝑏
] is √𝑎2 + 𝑏2 

 
 
The magnitude of a three-dimensional vector can be found by applying 
Pythagoras’s Theorem in three dimensions.  
 

𝐴𝐺⃗⃗⃗⃗  ⃗ = 2𝐢 − 4𝐣 + 𝐤 

|𝐴𝐺⃗⃗⃗⃗  ⃗|= 

 
 
 
 
 

In three dimensions, the magnitude of the vector [
𝑎
𝑏
𝑐
] is √𝑎2 + 𝑏2 + 𝑐2 

 

Note the vectors 𝐚 = [
1
2

−3
] and 𝐛 = [

−1
2
3

] have different directions but the same magnitude. 

 
Example 9 

Given that 𝐩 = [
1
2

−2
] and 𝐪 = [

7
−4
3

] find the magnitude of the vectors 

 

a)    𝐩            b)   𝐪          c)   𝐩 + 𝐪 
 
 

 
 
 
 

 
Example 10 
 
 

  e  4i  +  3j – 12k 
 
 
 
 
 
 
 
 

𝐴 

𝐵 
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Bearings 
 
The direction of a vector can be given as a bearing. 
This is the angle measured in a clockwise direction from the north line (usually represented by the positive  

𝐣 direction (vertical). 
I would recommend that you draw a right angled triangle using your 𝐢 and 𝐣 components and resultant 
vector. You can then find an angle within this triangle using SOHCATOA and then use this angle to find the 
appropriate bearing angle. 
 
Example 11 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Position and Translation Vectors 
 

In general, a vector has no specific location. However the position vector of A relative to the origin is 𝑂𝐴⃗⃗⃗⃗  ⃗, 
this gives the position in relation to the origin. A position vector is like a co-ordinate, a translation vector is 
like listening to the directions on a sat-nav. 

If point 𝐴 has position vector 𝐚 and point 𝐵 has position vector 𝐛, then 𝐴𝐵⃗⃗⃗⃗  ⃗ = 𝐛 − 𝐚 
 
Example 12 
 
The points 𝐴, 𝐵 and 𝐶 have coordinates (2, −5, 6), (0, 2, 5) and (−9, 2, 6) respectively. 

a) Find the vector 𝐵𝐶⃗⃗⃗⃗  ⃗ 
 
 
 

b) Find the vector 𝐶𝐴⃗⃗⃗⃗  ⃗ 
 
 
 

c) The point 𝐷 is such that 𝐴𝐷⃗⃗ ⃗⃗  ⃗ = 2𝐵𝐶⃗⃗⃗⃗  ⃗. Show that 𝐷 has the coordinates (−16,−5, 8). 
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Distance between two points in three dimensions 

If two points have the coordinates P(𝑥1,  𝑦1, 𝑧1) and Q(𝑥2,  𝑦2, 𝑧2), then the vector 𝑃𝑄⃗⃗⃗⃗  ⃗ = 𝐪 − 𝐩 = [

𝑥2 − 𝑥1

𝑦2 − 𝑦1

𝑧2 − 𝑧1

] 

and the distance between the two points 𝑃 and 𝑄 is equal to the magnitude of the vector 𝑷𝑸⃗⃗⃗⃗⃗⃗ .  
 

So |𝑃𝑄⃗⃗ ⃗⃗  ⃗| = √(𝑥2 − 𝑥1)
2 + (𝑦2 − 𝑦1)

2 + (𝑧2 − 𝑧1)
2. 

 
 

The distance between two points (𝑥1,  𝑦1, 𝑧1) and (𝑥2,  𝑦2, 𝑧2) is given by 

√(𝑥2 − 𝑥1)
2 + (𝑦2 − 𝑦1)

2 + (𝑧2 − 𝑧1)
2 

 
 
Example 13 
 
The point 𝐴 and 𝐵 have the coordinates (3, 2, −1) and (2, 1, 5) respectively. Find the distance between the 

points 𝐴 and 𝐵. 
 
 
 
 
 
 
 
 
 
 
 
 
Collinear 

If three points A, B and C are collinear then the vectors 𝐴𝐵⃗⃗⃗⃗  ⃗, 𝐵𝐶⃗⃗⃗⃗  ⃗ and 𝐴𝐶⃗⃗⃗⃗  ⃗ will all be parallel. 
 
Example 14 
Prove that the points A (−5, 1, 3),  B (−2, 0, 5) and C (7, −3, 11) are collinear. 
 
 
 
 
 
 
 
Example 15 (Harder) 
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Unit Vectors 

A unit vector is a vector that has magnitude 1. For example [
0

−1
], 

[
 
 
 
 
1

3
2

3
2

3]
 
 
 
 

, [
1
0
0
] are all unit vectors. You can 

always find a unit vector in the same direction as any given vector.  
 
It is possible to find a unit vector parallel to any given vector, a, by dividing the vector by its magnitude. 

The unit vector parallel to the vector a is denoted by  𝒂̂ 

So, in general,  𝒂̂ =  
𝒂

|𝒂|
. 

 
Example 16 
 
 
 
 

 

 

 

 

 

 

 

 
 
Example 17 
 
The vectors a and b are given by 𝐚 = 4𝐢 − 3𝐣 + 𝐤 and 𝐛 = −3𝐢 + 3𝐣 + 7𝐤. 
Find the unit vector in the direction of  

a) 𝐛 

b) 𝐴𝐵⃗⃗⃗⃗  ⃗ 
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General Vector Problems 
 
Example 18 
 
The points 𝐴 and 𝐵 have coordinates (2, 1,−2) and (3, 4, −1) respectively. The acute angle 𝑂𝐵𝐴 is 𝜃, where 

𝑂 is the origin.  

a) Find the vector 𝐴𝐵⃗⃗⃗⃗  ⃗ 

b) Show that cos 𝜃 =
14

√286
 

 
 
 
 
 
 
 
 
 
Example 19 
 
The points 𝐴, 𝐵  and 𝐶 have coordinates (2, 4, 3), (3, 1, −1)  and (1, −2, 4) respectively. Find the size of 

angle 𝐴𝐵𝐶, giving your answer to the nearest degree. 
 
 
 
 
 
 
 
 
 
 
 
Example 20 
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Exam Questions 
 
1. Edexcel June 18 AS Pure Paper  

 
 
2. AQA Practice Set 1 AS Paper 1 

 
 
 
3. OCR June 18 AS Paper 1 
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4. OCR Practice Set 2 Paper 2 

 
 
 
 
5. Edexcel June 18 A2 Paper 2 

 
 
 
6. OCR June 18 A2 Paper 2 
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Resultant vectors 
 
The resultant vector is defined as the single vector that would have the same effect on an object as all the 
vectors that are acting on the object. 
 
i.e. 
 
 

          Resultant vector (e.g. force) 
 
 
 
 
 
 
Finding the resultant vector of two vectors that are acting in perpendicular directions 
 
       15N 
 
 
 
           25N 
 

1. Move the vertical vector so that it is now at the end of the horizontal vector 
 

 
 
 
 
 
 

2. Draw a line from the start of the horizontal vector to the end of the vertical vector to form a right angled 
triangle 
 

  R 
15 

 
   25 

 
 

3. The magnitude of the resultant vector can be found by finding the ‘length’ of the hypotenuse using 
Pythagoras’ Theorem. 

 

𝑅2 = 252 + 152 = 850 
 

𝑅 = 29.1 N 
 

4. The direction of the resultant vector to the horizontal direction can be found by using 
 

𝜽 =  𝐭𝐚𝐧−𝟏 (
𝒗𝒆𝒓𝒕𝒊𝒄𝒂𝒍

𝒉𝒐𝒓𝒊𝒛𝒐𝒏𝒕𝒂𝒍
) 

 
In this case 

𝜃 =  tan−1 (
15

25
) = 31° to the horizontal 

 
 
 
 

𝜃 
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Example 21 
 
Find the magnitude and direction of the resultant vector of the following sets of perpendicular vectors. Give 
the directions as a bearing. 
 
a)                                                                            b) 
           70    43 
 
 
 
 
 
     40                 56 
 
 
 
 
 
 
 
 
Finding the resultant vector when the vectors are given in column or base vector form 
 
In this case, the resultant vector is the sum of the individual vectors 
 
 
Example 22 
 
Find the resultant vector of the following sets of vectors 
 

a)   4𝐢 + 2𝐣 , 7𝐢 − 3𝐣  and −𝐢 + 13𝐣 
 
 
 
 
 
 
 
 
 
 
 
 
 

b) (
5
6

−3
)    and    (

1
2

−1
) 
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Vector Components 
 
Finding the components of a vector (resolving the vector) is the reverse process of finding the resultant; 
you are splitting the vector into two parts, which would combine back to form your original vector. 
 
Each part of the original resultant vector is called a component of the vector. 
 
Usually vectors are resolved into horizontal and vertical directions. 
The exception is when an object is on an inclined plane. In this case we resolve parallel and perpendicular 
to the plane. 
 
NB as displacement, velocity and acceleration are all vectors, we could resolve them in a similar way. 
 
Rules 
 
 
 
 
 
 
 
 
 
 
 
These quick rules come from considering a right angled triangle and using SOHCAHTOA 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Resolving vectors is used when considering 
 

 Converting a vector with given magnitude and direction into either column or base vector form 

 Finding resultant vectors when there are more than two vectors and they are not given in column or 
base vector form (such as in a force diagram – see the mechanics sector 1 notes on forces) 

 Forces in equilibrium (see the mechanics sector 1 notes on forces) 
 
 
NB 
 

 If the vector is acting in the direction that you are resolving in, then the component in that direction 
is equal to the vector 
 

 If the vector is acting perpendicular to the direction that you are resolving in, then the component 
in that direction is equal to zero. 

When resolving into an angle, multiply the magnitude of the force by the 
cosine of the angle. 

𝑹𝐜𝐨𝐬𝜽 
 
When resolving away from an angle, multiply the magnitude of the force 
by the sine of the angle. 

𝑹𝐬𝐢𝐧𝜽 
 

𝜃 

𝑅 

This side is the component when you 

have resolved into the angle. 

Considering SOHCAHTOA, the side of 

the triangle is equal to 𝑹𝐜𝐨𝐬𝜽 

This side equivalent to the component 

when you have resolved away from the 

angle. 

Considering SOHCAHTOA, the side of 

the triangle is equal to 𝑹𝐬𝐢𝐧𝜽 
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 You use the same method when resolving vectors on an inclined plane, except that the directions you 
are resolving in are parallel and perpendicular to the plane, rather than horizontally and vertically 
(see the mechanics sector 1 notes on forces) 

 
 
Example 23 
 
The vector p has a magnitude of 50 and is inclined at an angle of 40o to the x-axis. Find the vector p, given 
that it lies entirely in the x-y plane. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Example 24 
 
Find the components of the following forces 
 
a)                                                               b) 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
c) 
 
 
 
 
 
 
 
 
 

30N 

35o 
59N 

25o 
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Finding the resultant vector when the vectors under consideration are not perpendicular 
 
There are a number of different methods that can be used to find the resultant vector when the forces you 
are considering are not perpendicular. 
 

 If there are just two vectors (or three force vectors in equilibrium), you can form a vector triangle by 
moving one vector so that it’s start is at the end of the other vector and then joining the start of the 
first vector with the end of the second. You can then use the sine and cosine rule to find any unknown 
quantities. 

 
 

    becomes          
 
 
 
 

 If there are more than two vectors (or more than three forces in equilibrium), you are expected to 
resolve the vectors into horizontal and vertical components to find the resultant horizontal and 
vertical components, which can then be used as shown above to find the overall resultant vector. 
 

 Note that the latter method also works when there are just two vectors 
 
 
 
Example 25 
 
Find the resultant force (form a vector triangle and use the sine or cosine rule) 
 
 
                30N 
 
 
     
      12N 
 
 

 

 

 

 

 

 

 

 

 

 

 

25o 
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Example 26 

Find the resultant force (use the components method) 
 
                30N 
 
 
     
      12N 
 
 

 

 

 

 

 

 

 

 

Example 27 

Find the resultant force 

       45N 

30N 

 

 

 

      20N 

 

 

 

 

 

 

 

 

25o 

60o 20o 
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Expressing quantities as vectors 

 

As mentioned, quantities such as displacement, velocity and acceleration are vector quantities.  

 

In one dimension, this is taken into account with a negative sign, as explained in the SUVAT section. 

 

In two dimensions, we need to express the quantity either in i and j form, or as a column vector. 

We can work out each component by resolving the vector quantity in the horizontal and vertical direction, 

using the angle between the quantity and the horizontal. 

 

 

 

                 
 

 

NB 

Remember that if a bearing is used to describe the direction of a vector, the bearing is an angle measured 

from the north line in a clockwise direction. 

 

Example 28 

 

An aeroplane is travelling at a speed of 150ms-1 on a bearing of 300o. Express the velocity of the aeroplane 

in the form 𝐫 = 𝑎𝐢 + 𝑏𝐣 and as a column vector, where 𝐢 and 𝐣 are unit vectors that are directed east and 

north, respectively. 

 

 

 

 

 

 

 

 

 

 

 

𝐫 = 𝑑 cos 𝜃 𝐢 + 𝑑 sin 𝜃 𝐣 

𝐫 = (
𝑑 cos 𝜃

𝑑 sin 𝜃
) 
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Example 29 

 

A toy car moves in a straight line with a velocity of 5𝐢 − 3𝐣 . Find the speed and direction of the toy car, 

expressing the direction as a bearing. 

 

 

 

 

 

 

 

 

 

 

 

 

Exam Question 

 

AQA M1 June 2017 
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Vectors in Mechanics – RUVAT 

 

If the object is accelerating, we must use the equations of motion (SUVAT equations) to determine 

unknown quantities such as displacement and velocity. 

These can be applied to vectors as well as numerical values: 

 

𝐯 =  𝐮 + 𝐚𝑡 

 

𝐬 =  𝐮𝑡 +
1

2
𝐚𝑡2 

 

𝐬 =  𝐯𝑡 −
1

2
𝐚𝑡2 

 

𝐬 =  
1

2
(𝐮 + 𝐯)𝑡 

 

NB 

We can’t use the last equation (𝑣2 = 𝑢2 + 2𝑎𝑠), as multiplying vectors together involves methods with 
vectors beyond the syllabus. 
 

 

 

In many situations, the object will not start at the origin, O. The start and end position relative to the origin, 

A and B, will be given as position vectors. 

 

 

The displacement of the object is the vector connecting the start and end position. 

 

 

        

 

 

  

 

 

 

 

 

 

The displacement is linked to the position vectors via the following equations: 

 

𝐫 = 𝐫𝐨 + 𝐬 

or 

𝐬 = 𝐫 − 𝐫𝐨 

 

 

 

 

𝐫 

 

𝐫𝐨 

𝐬  

Initial 

position 

Position after time 𝑡 𝐫𝐨 is the initial position vector 

𝐫 is the position vector after a certain 

time 𝑡 

𝐬 is the displacement vector between 

the initial position and the position after 

a certain time 𝑡 

 

 

Origin, O 
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The displacement vector can also be found using equations of motion: 

 If the object is travelling at a constant velocity, use  

 

𝐬 = 𝐯𝑡 

 

 If the object is accelerating (or decelerating) then use SUVAT equations with vectors  

 

𝐬 =  𝐮𝑡 +
1

2
𝐚𝑡2 

𝐬 =  𝐯𝑡 +
1

2
𝐚𝑡2 

𝐬 =  
1

2
(𝐮 + 𝐯)𝑡 

 

The velocity after a certain time 𝑡 (if the object is accelerating) can be found using 

 

𝐯 =  𝐮 + 𝐚𝑡 

NB 

 The speed of an object at a certain time is the magnitude of the velocity vector at that time 

 

 The direction of motion of an object is determined by the velocity vector 

 

 The distance moved by an object is the magnitude of the displacement vector 𝐬. 

 

 The distance between an object and the origin is the magnitude of the final position vector 𝐫. 

 

 

Example 30 - RUVAT 

A particle has initial velocity 3𝐢 − 5𝐣 and acceleration −𝐢 + 2𝐣. It is initially positioned at the origin. Find 

a) The velocity of the particle after 5 seconds 

b) The position of the particle after this time. 
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Example 31 - RUVAT 

A particle is initially at the origin with a velocity of −𝐢 + 2𝐣. After 4 seconds, the particle is at the point A, with 

position vector 4𝐢 − 6𝐣. 

a) Find the acceleration of the particle 

b) Find the speed of the particle when it reaches A. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Example 32 – Constant Velocity 

 

A boat is travelling at a constant velocity of 4i − 2j ms-1. Initially, the boat is at a point A, which is at position 
−3i + 10j relative to the origin.  
Find: 

a) The speed of the boat 
b) The direction of motion that the boat is travelling in, giving your answer as a bearing 

c) An expression for the position of the boat after 𝑡 seconds 
d) The distance between the boat and the origin after 4 seconds 
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Example 33 – RUVAT 
 

A ball is moving on a horizontal plane at a constant acceleration of 3𝐢 ms−2. Its initial position and velocity 

are 𝐢 + 5𝐣 and −3𝐢 + 2𝐣 respectively. 
Find: 

a) The velocity of the ball after 4 seconds. 
b) The position of the ball after 7 seconds. 
c) The bearing from the origin to the ball’s position after 7 seconds. 
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Example 34 – RUVAT 
 

A particle is moving on a horizontal plane. Initially the particle has a velocity of 12𝐢 + 4𝐣 and is at a position 

of −2𝐢 + 7𝐣 relative to the origin . After 5 seconds, the velocity of the particle is 15𝐢 − 3𝐣. 
Find 

a) The acceleration of the particle. 

b) An expression of the velocity of the particle after 𝑡 seconds. 
c) An expression for the position of the particle after 𝑡 seconds. 

d) The time at which the direction of motion of the particle is parallel to the vector 𝐢 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

If the direction of motion of the 

particle is parallel to the vector i (or 

due east) then the j component of 

the velocity vector is equal to zero 

If the direction of motion of the 

particle is parallel to the vector j (or 

due north) then the i component of 

the velocity vector is equal to zero 
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